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Abstract
Twisted Eguchi-Kawai reduced chiral models are shown to be formally
equivalent to a U(1) noncommutative parent theory. To make contact
with the continuum noncommutative theory, a double scaling large N
limit for the reduced model is required. We show a possible limit-
ing procedure, which we propose to investigate numerically. We also
include some preliminary numerical results.
1 Introduction
Twisted Eguchi-Kawai (TEK) reduced models [1] provide a non-perturbative
denition of certain noncommutative eld theories [2, 3, 4]. It has been
shown that the U(N) gauge theory with gauge elds obeying twisted bound-
ary conditions over the noncommutative torus TDΘ is equivalent to a U(
~N)
gauge theory, with ~N suitably chosen, over the noncommutative torus TDΘ0
with gauge elds obeying periodic boundary conditions [4]. This is a conse-
quence of a more general fact, known as Morita equivalence.
We would like to propose an application of the formalism of re. [4, 8] to
principal chiral models, possibly providing numerical evidence, in order to
show that two-dimensional TEK reduced chiral models can be considered as
a non-perturbative denition of a noncommutative eld theory.
Explicitly, we are going to show the equivalence of TEK principal chiral
model with symmetry group U(N) to a noncommutative U(1) lattice theory
compactied on a torus with periodic boundary conditions. We will describe
the corresponding noncommutative theory, i.e. its action and symmetries,
coupling constant and dimensionful noncommutativity parameter. We will
eventually try to dene a procedure which can lead to a sensible continuum
limit, and therefore dene the set of values of the coupling constants and of
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the symmetry parameter N of the original TEK theory relevant for a numer-
ical check of the consistency of the whole approach.
The reduced model, in this context, should be considered in a dierent limit
from the original planar one. In the planar limit one has to send N ! 1
while keeping the lattice coupling constant β xed. The continuum limit is
then reached as one send β ! 1, because a relation of the type a / e−cβ
exist between the lattice spacing a and the lattice coupling constant β. The
limit is called planar since the N -dominant Feynman graphs are, in this limit,
planar, i.e. they can be drawn on a Riemann surface of genus g = 0.
For the TEK model to reproduce the corresponding noncommutative eld
theory we must consider a dierent limiting procedure to approach the con-
tinuum limit. We call this procedure double scaling limit, since β and N must
be sent to innity in a correlated manner. We know that in the non reduced
original eld theory this corresponds to taking into consideration also non-
planar graphs, analogously to what happens in matrix models of 2d gravity:
contributions from higher genus topologies implies somehow a higher symme-
try in the problem, which enables to make contact with the theory one wants
to reproduce. Quite the same thing happens in noncommutative eld theory,
since the interaction vertex is invariant only up to cyclic permutations of the
momenta, and therefore one needs to keep track of the cyclic order in which
lines emanate from vertices in a given Feynman diagram. Noncommutative
Feynman graphs are thus ribbon graphs drawn on Riemann surfaces of par-
ticular genus, in complete analogy with what happens in the ordinary large
N limit of eld theories. Non-planar contributions thus naturally arise in the
present context of noncommutative eld theories.
Principal chiral models in d = 2 are since long [5] known to be in a sense2
a simpler counterpart of lattice Yang-Mills theory in d = 4. Also as far as
the reduced TEK models of the two theories are concerned, the case of chiral
models is more tractable, and even numerical simulations are easier and more
conclusive. For this reason we consider principal chiral model as an impor-
tant test for the noncommutative interpretation of TEK reduced models.
We begin with a general description of noncommutative eld theories, in
order to x the notation, and describe the particular noncommutative eld
theory we are interested in, i.e. 2d principal chiral models. We then pass to a
short analysis of the reduced models and of the consequences of our numeri-
cal results. In the nal section we demonstrate the equivalence between TEK
reduced chiral models and noncommutative U(1) principal chiral models on
the lattice, indicating the procedure needed to approach a sensible contin-
2This correspondence is exact in d = 1 and d = 2 respectively
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uum limit. This will eventually lead to a concrete proposal of a numerical
study of the theory reread in this new light. Some preliminary Monte Carlo
simulation datas are included, which seem to conrm the whole procedure.
Further numerical analysis is nonetheless still necessary.
2 Noncommutative Field Theories
We will briefly recall the so called Weyl quantization procedure for eld the-
ories on noncommutative spaces. Let us consider for simplicity a scalar eld
theory on Euclidean RD, dened by some action S[φ], and whose partition




If we require that the elds decrease in a suciently rapid manner at innity,








In order to pass from ordinary to noncommutative spacetime, we replace
the local coordinates xµ by hermitian operators x^µ which have the following
commutations relations:
[x^µ, x^ν ] = iθµν , (3)
where θµν = −θνµ is a real valued anti-symmetric matrix with the dimensions
of length squared. Implementing the substitution xµ ! x^µ we obtain the
Weyl operator φ^ corresponding to the eld φ.





































This implies that, given the generator of the translations evµ∂ˆ
µ





mu = ^(x + v), (7)
the operation Tr^(x) is independent of x for any trace on the algebra of oper-




dDx φ(x), Tr^(x) = 1. (8)







In conclusion, in order to pass from ordinary to noncommutative eld theory,






The substantial dierence between the two theories comes from the denition






























θi1j1    θinjn∂i1   ∂inφ1(x)∂j1   ∂jnφ2(x),
(11)
which denes the star or Moyal product of the elds.
2.1 Noncommutative U(N) Principal Chiral Models
The theory we would like to study is dened in a D dimensional Euclidean









where the sum over µ = 1, 2, ..., D is intended3. The unitary matrices Uij(x),





= δij 8 x. (13)
The partition function is meant to be dened over the usual Haar measure
Z =
Z
dU e−S[U ]. (14)
The action is naturally invariant under the transformations (where VL, VR 2 U(N))
U ! VLU, U ! UVR. (15)
In the present formalism, one needs to dene the Weyl operators as




dDx ^(x)  U(x), (16)
where the operator ^(x) is the one dened in (4). The action is rewritten as







where Tr is the trace operator over coordinates, while tr(N) is the (nite-
dimensional) trace in the fundamental representation of the U(N) group.
The corresponding noncommutative elds U(x), dened through the inverse
transformation (9), satisfy the star-unitarity condition4
U(x) ? U(x)y = U(x)y ? U(x) = IN . (18)








The invariance of the action naturally reads, owing to cyclicity of the trace
tr(N),
U(x)! gL U(x) U(x)! U(x) gR, (20)
where the N  N matrices gL, gR are ordinary unitary matrices, therefore
satisfaying ggy = IN .
3 The reduced model
The principal chiral model, in D = 2, is dened on the lattice via the usual
substitution of the derivative with a nite dierence
∂µU(x) ! Ux+aµˆ − Ux
a
, (21)
4since det(f ? g) 6= det(f) ? det(g) we cannot take SU(N) as the symmetry group of
the theory
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The na¨ive Eguchi-Kawai reduction prescription Ux ! U is clearly not appli-
cable in this context. Instead, one can resort to the TEK prescription, which
is dened as
U(x1,x2) ! Γx11 Γx22 U(Γy2)x2(Γy1)x1 , (23)








where N is the parameter of the symmetry group U(N) or SU(N) (and thus
of the matrix U) and nµν is an integer valued antisymmetric tensor, whose






, M 2 Z. (25)
For a given N and M the solution to (24) is provided, up to global SU(N)




Ci,j  e 2piiN (i−1)δi,j .
(26)
The two matrices Γµ will be given respectively by S and C.










We notice that the model shows two symmetries, namely:
5The two matrices are a natural extension of the known ’t Hooft twist matrices [7]
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1. U ! Γx11 Γx22 U(Γx22 )y(Γx11 )y
2. U ! z  U z 2 ZN
The rst symmetry is reminiscent of the spacetime translational symmetry
of the original model (indeed from (23) it is clear that the role of the Γµ is
that of generators of translations in the dual lattice of the reduced theory)
while the second represents the residual global symmetry SU(N)  SU(N)
of the parent theory reduced to the center ZN of the algebra of SU(N). In
the case of a symmetry U(N)  U(N) the second symmetry is of course a
U(1) symmetry.
The introduction of the TEK reduced model was originally motivated by its
supposed equivalence with the parent theory (dened by the action of eq.
(22)) in the large N limit. This equivalence should follow basically from two
facts:
- The Schwinger-Dyson (SD) equations of the reduced theory and that
of the parent theory are exactly the same in the large N limit, up to
terms which are not invariant under the ZN symmetry
- If in all regimes the symmetry is not spontaneously broken, the two
models possess exactly the same SD set of equations, and given the
same initial conditions should coincide
It has been found [10] that the invoked equivalence holds for the strong cou-
pling region, while in the weak coupling the reduced theory is manifestly
dierent from its parent version. Thus, although the second symmetry does
not seem to be spontaneously broken, the SD based argument for the equiv-
alence is not sucient, at least in a certain regime, to completely identify
the theory.
It therefore makes sense to ask whether the reduced principal chiral model
can provide a non perturbative denition of another theory. Our claim is
that this theory can be interpreted as the noncommutative U(1) version of
(22), and that, in a suitable limit to be dened, it reproduces its continuum
limit, i.e. the one specied in the Weyl operator notation by eq. (17) and in
the noncommutative eld notation by eq. (19).
4 Reduced chiral models and noncommuta-
tive chiral fields
Following [8] we will show how to map the TEK model into the noncom-
mutative version of the theory dened by the action (22). Given an integer











The phase factor is given to symmetrically order the product of twist eaters.
Incidentally, the Jk’s have the same algebraic properties as the plane Weyl
basis eikixˆ
i
for the continuum noncommutative eld theory on the torus [8].
The relevant properties of these matrices are that there are only N2 such
matrices, owing to the periodicity properties
JN−k = J−k = J
y
k , (29)













k2Z2N (Jk)µν(Jk)λρ = δµρδνλ.
(30)
They therefore form a basis for the linear space gl(N,C) of N N complex











We can interpret the momentum coecients as the dynamical degrees of
freedom in the TEK model.
In analogy with the continuum counterpart (4) we can dene the operator








where L = aN is the dimensionful extension of the lattice with N2 sites xi.
Because of the relations (29) the (x) matrices are Hermitian and periodic
in xi with period L, and thus the lattice is a discrete torus.
In analogy with the continuum formalism depicted in section 2, we can dene
an invertible map between N  N matrices and lattice elds. Namely, we










x (x)µν(x)λρ = δµρδνλ,
1
N
tr(N) ((x)(y)) = N
2δx,y(mod L).
(33)
which yield a natural denition for the lattice eld U(x) from the Fourier

















the unitarity condition on the matrix U is translated on the eld U(x) in
terms of U(1) star unitarity:
U(x) ? U(x) = U(x) ? U(x) = 1, (36)
where the lattice star product is dened by the natural discrete analog of eq.
(11), namely








zA(x + y)B(x + z)e2i(θ
−1)ijyizi,
(37)





The star product (37) reproduces the continuum version of eq. (11) in the
limit a! 0, and it reproduces the same algebraic properties with spacetime
integrals replaced by lattice sums.






(x) = IN (39)
into the action (27) and obtain














As in the context of twisted reduced models, the matrices Γµ act as lattice
shift operator, and thus they behave as discrete derivatives ea∂ˆµ . Indeed one
can show from above that
Γµ(x)Γ
y
µ = (x− aµ^), (41)
from which it follows that shifts on the elds are represented as
















U(x) ? U(x + aµ^) + U(x + aµ^) ? U(x)
i
. (43)
4.1 The noncommutative theory
The theory described in eq. (43) is naturally U(1) left and right invariant,
i.e., given a constant eld g 2 U(1) the action is invariant under the trans-
formations (where the ordinary product is intended)
U(x)! g  U(x), U(x)! U(x)  g. (44)
Let us turn to the commutative continuum version of the theory, whose eld
we call u(x). First of all we perform the following substitution, dictated by
the U(1) unitary condition
u(x)u(x) = 1 ! u(x) = eiϕ(x), ϕ 2 R. (45)
11















and therefore the theory is equivalent to the theory of a free massless real
eld.
Turning now to the noncommutative continuum theory of eq. (19), we notice
that if the eld U(x) decreased suciently rapidly at innity we could inte-
grate per parts and turn the star product into the standard one. The action
would thus be the same as in the commutative version. Naturally, the eld
is subject to the constraint of star U(1) unitarity, which reads
U(x) ? U(x) = 1 =
U(x)U(x) + P1n=1 ( i2n 1n!θi1j1    θinjn∂i1   ∂inU(x)∂j1   ∂jnU(x).
(47)
This condition naturally implies that the theory is not a free theory as in the
commutative case, although the action would be formally the same. Moreover
it is not clear if a scalar complex eld subject to the condition (47) can at
the same time satisfy the rapidly decreasing condition needed to integrate
the noncommutative action by parts and neglecting the boundary behaviour.
Therefore, we will still use as the reference action of the continuum theory
we wish to study eq. (19).
4.2 Double scaling limit
From (38) we see that in order to take the continuum limit of the model in
such a way that the dimensionful noncommutativity parameter θ (which in
the present case is just a real number) is xed, we must x the quantity a2N .
It is clear from above that we have to send N to innity if we want a to go to
zero and the dimension of the lattice to go to innity. In order to set a! 0
we have to tune somehow the coupling constant β. From renormalization
group analysis of the beta function of chiral models it is known that
a  −1e−cβ, c = 8pi. (48)
It is questionable whether a relation like (48) is valid in the context of the
TEK reduced model, because whether the equivalence between principal chi-
ral models and TEK reduced models holds is in itself a nontrivial question
12
[10]. Moreover equation (48) is strictly valid only in the planar limit. Nev-
ertheless, we would like to propose to assume such a relation, and to nu-
merically verify its consistency. Something similar is assumed in [6], where
the relation between a and β is taken to be the known Gross-Witten planar
result. Whether a dierent value for c from the one indicated in (48) or a
dierent function would lead to similar results to what we present in sec. 5
is a non trivial legitimate question.
What we propose to do is therefore to send N and β to innity in such a way
that ϑ  N  e−16piβ is kept xed. Numerical analysis indicates that indeed
nite N and β eects tend to compensate in such a limit, in a manner similar
to the one obtained in [9] for the 2d EK model.
4.3 Correlation Functions
Typical objects that can be studied in numerical simulations are correlations
functions. In particular, the easiest one to compute turns naturally out to
be the two points function. In particular, given a lattice site n = (n1, n2),
we dene, in the reduced model, the following function, which is nothing but



























hRe (U(x + n) ? U(x))i. (51)
Since the noncommutative theory is dened on a lattice with N2 sites, this
expression denes the average of the two point function over all the possible
lattice sites, and thus gives a coherent expression for the two point function
of the theory.
Incidentally, the internal energy of the model is given, up to constants, by
GTEK(1, 0) + GTEK(0, 1).
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5 Preliminary Numerical Simulations
What should we expect from numerical Monte Carlo analysis? First of all,
if the double scaling limit we take is correct, we should expect a coherent
superposition of the behaviour of the correlation functions as N, β !1. If
this is the case, it would strongly indicate the correctness of the procedure.
Secondly what we should not expect is the typical behaviour of the nite N
corrections found in the reduced model in the strong coupling regime [10]. In
the double scaling limit one takes into account also the non-planar diagrams,
and it is therefore not clear how the nite N and β eects could manifest.
We numerically studied the theory for two particular values of ϑ. Our choice
is motivated by two facts. First of all it seems unnecessary to test the
existence of a double scaling limit in the strong coupling region (i.e. for
β . βc  0.3058) since the reduced theory is actually under control in that
regime, and it has been shown [10] to reproduce the standard, commutative
parent theory. Secondly, we must address to suciently high values of N ,
because on the one hand the limiting procedure is expected to be sensible
in the large N limit, and on the other hand the dual lattice of the reduced
theory has dimensions proportional to N . Therefore, in order to avoid what
we can legitimately call nite size eects, we should use high values of N
(the correlation length of the non reduced model is of some lattice spacing
in the region we investigated).
We choose to take the values reported in Tab. 1, and to take N & 50. A
reasonable statistics for our Metropolis algorithm limited the highest N value
to N . 120.
The correlation functions we studied are respectively:
G(n)  GTEK(n,0)+GTEK (0,n)
2
,
Gd(n)  GTEK(n, n).
(52)
In the gures 1, 2, 3 and 4 we report our numerical results.
For high values of n we see that asymptotically the obtained values for both
G(n) and Gd(n) agree within errorbars. In all cases what we nd supports
the expected superposition, and conrms that the procedure described above
indeed yields a sensible nonperturbative denition of the noncommutative
theory we described. Further numerical analysis seems to be however still
necessary, in order to prove whether the prescription we proposed can be
generalized and if, with a growing value of β, and thus with growing N
(owing to the mentioned nite size eects) the results are always consistent.
Moreover higher statistics may be necessary, to prove that the superposition
we nd is not just a statistical eect.
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Figure 3: ϑ2: Numerical results for G(n)
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Figure 4: ϑ2: Numerical results for Gd(n)
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